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Abstract
Both a general and a diagonal u-invariant for forms of higher degree are defined, generalizing the
u-invariant of quadratic forms. We give a survey of both old and new results on these u-invariants.
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Introduction
Let k be a field of characteristic 0 or greater than d. The u-invariant (of degree d) of
k is defined as u(d, k) = sup{dimk }, where  ranges over all the anisotropic forms of
degree d over k. Since for d3 not all forms are diagonal, we also define the diagonal
u-invariant (of degree d) over k as udiag(d, k) = sup{dim}, where  ranges over all the
anisotropic diagonal forms over k. Obviously, udiag(d, k)u(d, k). For d=2, the definitions
of udiag(d, k) and u(d, k) coincide and correspond to the classical u-invariant of quadratic
forms over k.
For an algebraically closed field k, |k×/k×d | = 1 and hence each form of degree d and
dimension greater one over k is isotropic. This means
udiag(d, k) = u(d, k) = 1.
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For formally real fields k, however, the value of the u-invariant is infinite for even d: since
−1 /∈∑ k2, also −1 /∈∑ kd for any even d. Thus the form m ×〈1〉 of degree d given by the
homogeneous polynomial F(x1, . . . , xm)= xd1 +· · ·+ xdm is anisotropic for each integer m,
implying
udiag(d, k) = u(d, k) = ∞
for even d. Until Merkurjev’s celebrated results [M1,M2] very little was known about which
values the u-invariant of quadratic forms over a nonreal field can take. The situation for forms
of higher degree is similar. We present a selection of results and some new observations,
putting special emphasis on u-invariants of finite fields, rational function fields and discretely
valued fields. One should point out that especially p-adic fields attracted a lot of attention
due to Artin’s conjecture [A] on the u-invariant, which states that u(d,Qp)d2. Although
Artin’s conjecture is believed to be true for forms of prime degree, it does not hold in
general. The conjecture was shown to be false by Terjanian [T] in 1966, who produced
an 18-dimensional anisotropic form as a counterexample for the case d = 4 and p = 2.
Nonetheless, upper bounds for u(d,Qp) are a focal point of many investigations up to
this day.
1. Preliminaries
1.1. Let k be a field of characteristic 0 or greater than d. A d-linear form over k is a k-
multilinear map : V ×· · ·× V → k (d-copies) on a finite-dimensional vector space V over
k which is symmetric, i.e. (v1, . . . , vd ) is invariant under all permutations of its variables.
A form of degree d over k is a map : V → k on a finite-dimensional vector space V over k
such that (av) = ad(v) for all a ∈ k, v ∈ V and such that the map : V × · · · × V → k
defined by
(v1, . . . , vd ) = 1d!
∑
1 i1<···<il d
(−1)d−l(vi1 + · · · + vil )
(1ld) is a d-linear form over k. By fixing a basis {e1, . . . , en} of V, any form of degree
d can be viewed as a homogeneous polynomial of degree d in n=dim V variables x1, . . . , xn
via (x1, . . . , xn) =(x1e1 + · · ·+ xnen) and, vice versa, any homogeneous polynomial of
degree d in n variables over k is a form of degree d and dimension n over k. Any d-linear form
: V × · · · × V → k induces a form : V → k of degree d via (v) = (v, . . . , v). We can
identify d-linear forms and forms of degree d with the help of the obvious correspondence.
1.2. Two d-linear spaces (Vi , i ), i=1, 2, are called isomorphic (written (V1, 1)(V2, 2)
or just 12) if there exists a bijective linear map f : V1 → V2 such that 2( f (v1), . . . ,
f (vd )) = 1(v1, . . . , vd ) for all v1, . . . , vd ∈ V1. A d-linear space (V, ) (or the d-linear
form ) is called nondegenerate if v = 0 is the only vector such that (v, v2, . . . , vd ) = 0
for all vi ∈ V . A form of degree d is called nondegenerate if its associated d-linear form is
nondegenerate. We will only study nondegenerate forms.
If we can write a form of degree d in the form a1xd1 +· · ·+am xdm we use the notation=
〈a1, . . . , an〉 and call the formdiagonal. A diagonal form=〈a1, . . . , an〉 is nondegenerate
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if and only if ai ∈ k× for all 1 in. For char k  2, every quadratic form is isomorphic to
a diagonal form. This is not true any more for forms of higher degree.
1.3. The orthogonal sum (V1, 1) ⊥ (V2, 2) of two d-linear spaces (Vi , i ), i = 1, 2, is
defined to be the k-vector space V1 ⊕ V2 together with the d-linear form
(1 ⊥ 2)(u1 + v1, . . . , ud + vd ) = 1(u1, . . . , ud ) + 2(v1, . . . , vd )
(ui ∈ V1, vi ∈ V2). The tensor product (V1, 1) ⊗ (V2, 2) is the k-vector space V1 ⊗ V2
together with the d-linear form [H-P]
(1 ⊗ 2)(u1 ⊗ v1, . . . , ud ⊗ vd ) = 1(u1, . . . , ud ) · 2(v1, . . . , vd ).
A d-linear space (V, ) is called decomposable if (V, )(V, 1) ⊥ (V, 2) for two non-
zero d-linear spaces (V, i ), i =1, 2. A non-zero d-linear space (V, ) is called indecompos-
able if it is not decomposable and absolutely indecomposable, if it stays indecomposable
under each algebraic field extension.
1.4. Let k be a field and v: k → ∪∞ a valuation of k, that is is a totally ordered additive
abelian group,∞ a symbol that does not lie in, and a <∞, a+∞=∞+a=∞+∞=∞ for
all a ∈ . Moreover, v(x)=∞ iff x =0, v(xy)=v(x)+v(y) and v(x + y) min{v(x), v(y)}
for all x, y ∈ k. (k, v) is called a valued field and  the value group of v. v is called trivial
if  = 0. We will only deal with non-trivial valuations. The subring R = {x ∈ k|v(x)0}
of k is called the valuation ring of v and its only maximal ideal {x ∈ k|v(x)> 0} is denoted
m. We have k = Quot(R). k¯ = R/m is called the residue field of v. A discrete valuation
is a non-trivial valuation v with value group = Z. For a discretely valued field (k, v), an
element  ∈ R is called a uniformizing parameter if v() = 1. We have m = () (cf. [R]).
2. Some estimates on higher u-invariants
2.1. Similar to the well-known case d = 2, the invariants u(d, k) and udiag(d, k) can be
characterized as follows: udiag(d, k) is the smallest integer n such that all diagonal forms of
degree d over k of dimension greater than n are isotropic, and u(d, k) is the smallest integer
n such that all forms of degree d over k of dimension greater than n are isotropic.
If u=u(d, k) is finite, then each anisotropic form (V,) of degree d over k and dimension
u is universal, i.e. for each a ∈ k× there is an x ∈ V such that (x)=a. If u =udiag(d, k) is
finite, then each diagonal anisotropic form of degree d over k and dimension u is universal.
Moreover, we have
udiag(d, k) min{n|all forms of degree d over k of dimensionn are universal}
with the understanding that the “minimum” of an empty set of integers is the symbol ∞.
Apart from the obvious relation that udiag(d, k)u(d, k), we know that the u-invariants
u(2, k), u(3, k), . . . , u(d, k)
must be finite, provided that the diagonal u-invariants
udiag(2, k), udiag(3, k), . . . , udiag(d, k)
40 S. Pumplün / Expo. Math. 27 (2009) 37–53
are finite Brauer [G, (8.1)]. Estimates for u(d, k) using u(s, k) for s = 2, . . . , d − 1 and/or
udiag(d, k) are given by Leep–Schmidt [Le-S, Theorem 2] and others.
Some simple lower bounds can be obtained as follows:
Lemma 1. (i) u(3, k)  2.
(ii) For every integer n we have u(dn, k)u(d, k)n .
(iii) If u(d, k) = u then u(md, k)u for each integer m > 1.
Proof. (i) Suppose that u(3, k) = 2. This means there exists a homogeneous polynomial
f (x, y) = a0x3 + a1x2 y + a2xy2 + a3 y3 in two variables over k which is anisotropic.
Therefore there exists an irreducible polynomial f (t) = a0 + a1t + a2t2 + a3t3 of degree
3 over k, because f (x, y) is isotropic over k if and only if f (t) has a root in k. (Note that
f (a, b)=a3 f (b/a) for a  0 and that f (0, b)=a3b3.) Hence there is a field extension l/k of
degree 3. Let nl/k be its anisotropic norm and let {v1, v2, v3} be a k-basis of l. Then the form
g(x1, x2, x3)=nl/ l (x1v1 + x2v2 + x3v3) is anisotropic and thus u(3, k)3, a contradiction.
(ii) Let f (X )= f (x1, . . . , xu) be an anisotropic form of degree d in u variables over k. Let
f2(X1, . . . , Xu)= f ( f (X1), . . . , f (Xu)) where each X j is a different set of u variables. Since
f2 is an anisotropic form of degree d2 in u2 variables, we have u(d2, k)u2. Repeating
this argument yields the assertion (see also [S, p. 99, 15.7]).
(iii) Suppose that 1 is an anisotropic form of degree d over k. Then  defined via
(z1, . . . , zu) = 1(z1, . . . , zu)m is anisotropic of degree md. 
Let  be a form of degree d on a k-vector space V. Write D() = {a ∈ k× | (x) = a
for some x ∈ V } for the set of non-zero elements represented by . We sometimes work
with the factor group D()/k×d . When we regard D() as a subset of k×/k×d , we will
also write D() instead of writing D()/k×d , abusing notation.
Remark 1 (cf. Lam [La, p. 14] for d = 2). Let  be a form of degree d over k and a ∈ k×.
(i) If a ∈ D() then  ⊥ 〈−a〉 is isotropic.
(ii) If  is anisotropic and  ⊥ 〈−a〉 isotropic then a ∈ D().
Lemma 2. Let  be a form of degree d over k.
(i) If  is anisotropic over k, then  remains anisotropic over k(t).
(ii) (for d = 2, cf. [La, p. 256]). If  is an anisotropic form of degree d over k, then
D(k(t)) ∩ k = D().
Proof. (i) Suppose that  is isotropic over k(t), then there are fi (t)/gi (t) ∈ k(t), not all
of them zero, such that ( f1(t)/g1(t), . . . , fn(t)/gn(t)) = 0. Clearing denominators we can
assume without loss of generality that there are fi (t) ∈ k[t], not all of them zero, such that
( f1(t), . . . , fn(t))=0. Changing these if necessary assume moreover that t does not divide
all of them. Put t = 0 to obtain ( f1(0), . . . , fn(0)) = 0 with not all of the fi (0) zero, so we
found an isotropic vector of  over k.
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(ii) Let a ∈ D(k(t)) ∩ k, then k(t) ⊥ 〈−a〉 is isotropic over k(t) and therefore so is
 ⊥ 〈−a〉 over k by (i). This implies a ∈ D() by Remark 1. 
Lemma 3. Let K =k(t) be the rational function field or let K =k((t)) be the Laurent series
field over k and let  be a form of degree d over k. Then the form
〈1, t, t2, . . . , td−1〉 ⊗ =  ⊥ t ⊥ t2 ⊥ · · · ⊥ td−1
of degree d is anisotropic over K if and only if  is anisotropic over k.
Proof. Let K = k(t) be the rational function field. Let  be a form over k in n variables.
Assume that the form  ⊥ t ⊥ t2 ⊥ · · · ⊥ td−1 of degree d is isotropic over k(t).
Then there exist polynomials fi (t) ∈ k[t], not all of them zero, such that
( f1(t), . . . , fn(t)) + t( fn+1(t), . . . , f2n(t)) + t2( f2n+1(t), . . . , f3n(t))
+ · · · + td−1( f(d−1)n+1(t), . . . , fdn(t)) = 0. (1)
Assume additionally that the value for
∑n
i=1 deg fi (t) is minimal. Plugging in t = 0 shows
that ( f1(0), . . . , fn(0)) = 0 and thus fi (0) = 0 for all i, 1 in, because  is anisotropic
over k. Hence fi (t) = tgi (t) for 1 in. Substituting this into (1) and cancelling t yields a
version of (1) with decreased∑ni=1 deg fi (t), a contradiction.
The same argument applies if K = k((t)) is the Laurent series field. 
Indeed, using the above notation a similar argument shows that given forms i of degree
d over k, the form
1 ⊥ t2 ⊥ t23 ⊥ · · · ⊥ td−1d
of degree d is anisotropic over k(t) if and only if the forms i are anisotropic over k
for all i.
Remark 2. Lemma 3 can be also proved using [Mo, Theorem 2.5]. If the form  in
Lemma 3 has dimension di , Lemma 3 is a special case of [G, 4.10] (cf. Theorem 2).
As a consequence of Lemmas 2 and 3 we obtain:
Corollary 1. Let K = k(t) be the rational function field or let K = k((t)) be the Laurent
series field over k. Then
u(d, K )du(d, k),
udiag(d, K )dudiag(d, k),
and sd (k) = sd (k(t)).
A field k is called a Ci -field, if every form of degree d over k in at least di + 1 variables
is isotropic [G], that is we have
u(d, k)di
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in this case. The rational function field in one variable k(t) is a Ci+1-field. If k is a
Ci -field, then so is each algebraic field extension l over k, hence also u(d, l)di . Moreover,
k =C(t1, . . . tn) is a Cn-field [S, p. 97]. These results of Tsen and Lang motivated much of
the later work done in this direction ([S, p. 97], cf. also [G]).
Example 1. (i) Let k = k0(t1, . . . , tn) with k0 a field of characteristic 0 or > d and with
t1, . . . , tn independent indeterminates over k. By induction on n (using the above results)
the form 〈1, t1, t21 , . . . , td−11 〉 ⊗ · · · ⊗ 〈1, tn, . . . , td−1n 〉 of degree d and dimension dn is
anisotropic over k. Hence
u(d, k0(t1, . . . , tn))udiag(d, k0(t1, . . . , tn))dn .
Since k = C(t1, . . . tn) is a Cn-field, it follows that u(d,C(t1, . . . , tn))dn and
udiag(d,C(t1, . . . , tn))dn . We conclude that
u(d,C(t1, . . . , tn)) = udiag(d,C(t1, . . . , tn)) = dn .
Thus every power of d is the u(d, k)-invariant (resp. the udiag(d, k)-invariant) of some
suitable field k.
(ii) Let k0 be a field of characteristic 0 or > 3, such that there exists a central division
algebra of degree 3 over k0. Then u(3, k0)9 and u(3, k0(t))3 × 9 = 27 by Corollary 1.
Indeed, there also exists an Albert division algebra over k0(t) [KMRT, p .531]. Its norm is
an absolutely indecomposable anisotropic cubic form over k0(t) of dimension 27. Thus the
bounds u(3, k0)9 and u(3, k0(t))27 are best possible.
Remark 3. Take the field Q. For every prime p, the form 〈1, p, . . . , pd−1〉 of degree d is
anisotropic over Q [I-R, p. 150]. Hence
udiag(d,Q)d .
If K is an algebraic number field of finite degree overQ, and if d is an odd positive integer,
then there is an integer M(K , d) such that for n > M(K , d), any form of degree d in n
variables over K is isotropic [G].
For d = 3, it is easy to see that there are nondegenerate cubic forms in 9 variables which
are anisotropic (e.g., the norm form of any central division algebra of degree 3 over Q), so
that as explained in Example 1 (ii), the lower bounds
u(3,Q)9 and u(3,Q(t))27
are best possible. Heath-Brown [H-B1] showed that each nonsingular cubic form over Q
of dimension 10 is isotropic using the “circle method”, which was already applied by
Davenport [D], who showed that any (even degenerate) cubic form over Q of dimension
16 is isotropic.
2.2. The dth level (also called power Stufe in [P-A-R]) sd (k) of k is the least positive
integer s for which the equation
−1 = ad1 + · · · + ads
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is solvable in k. If there is no such integer, define sd (k) = ∞. We have sd (k)udiag(d, k).
In case d is odd, sd (k) = 1. For d = 2 the level of a field of characteristic not 2 was studied
among others by Pfister [Pf2], who proved that s2(k), if finite, is always a power of 2.
For d3, however, the dth level is not always a power of d: Parnami et al. [P-A-R] proved
that s4(Q(
√−m)) = 15 for m ≡ 7mod 8, and s4(Q(
√−2)) = 6.
Higher levels have been studied extensively for finite fields. The value of sd (Fq ) was
computed by Pall and Rajwade [P-R] for d10, using cyclotomic numbers and Jacobi
sums for finite fields. Amice–Kahn [Am-K] studied sd (Fq ) for d a power of 2. In 1999, the
dth levels of Fp, p a prime, were computed by Becker–Canales [B-C]. They proved that
sd (Fp) is determined by a formula involving the coefficients of the Gauss period equation
of degree d associated with p. Their results gave new insight into the behaviour of dth levels
of p-adic fields Qp, if p2.
Let k be an arbitrary field. It is clear that every element in k can be written as a sum of n
dth powers provided the form n × 〈1〉 = 〈1, . . . , 1〉 of degree d is universal for some n. For
a field k of finite dth level s = sd (k), the form s ×〈1〉= 〈1, . . . , 1〉 of degree d is anisotropic
over k. We conclude:
Proposition 1. Let k be a field such that s = sd (k) = udiag(d, k). Then every element in k
can be written as a sum of s dth powers.
3. Demyanov’s theorem for forms of higher degree
For fields which have finite dth level, the diagonal u-invariant can be bounded above, as
follows from the next proposition:
Proposition 2 (for d = 2, cf. Lam [La, p. 317] or Scharlau [S, p. 104]). Let k be a field
with finite dth level sd (k) = s <∞. Suppose that  is a form of degree d over k such that
 ⊥ 〈a〉 is anisotropic for some a ∈ k×. Then D()D( ⊥ 〈a〉).
Proof. Assume instead that D() = D( ⊥ 〈a〉), then, in particular, we have a ∈ D().
Write −1= ed1 +· · ·+ eds with suitable ei ∈ k×. We claim that a(ed1 +· · ·+ edi ) ∈ D() for
1 is: if i = 1, obviously ed1 a ∈ D(). Suppose we have proved the assertion for i − 1,
i.e. a(ed1 + · · · + edi−1) ∈ D(). Then a(ed1 + · · · + edi−1) + aedi ∈ D( ⊥ 〈a〉) = D(). In
particular,−a = a(ed1 + · · · + eds ) ∈ D(), hence −a = (x), which implies that  ⊥ 〈a〉
is isotropic, contradicting our assumption. 
Theorem 1 (Leep et al. [Le-Y1, 2.3] or Demyanov [De2]). Let k be a field of arbitrary
characteristic with finite dth level sd (k)<∞. Then
udiag(d, k) |k×/k×d |.
In particular, let 〈a1, . . . , am〉 be an anisotropic form of degree d over k such that
m = |k×/k×d |. Then  is universal or isotropic.
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Proof. Let n = udiag(d, k), then there is an anisotropic diagonal form  = 〈a1, . . . , an〉 of
degree d over k of dimension n. For n = 1 there is nothing to show, so assume n2. Write
=〈a1〉 ⊥ 1 with=〈a2, . . . , an〉, then D(1)D() by Proposition 2. Write1=〈a2〉 ⊥
2 with 2 = 〈a3, . . . , an〉, then D(2)D(2 ⊥ 〈an−1〉)D() by Proposition 2 and so
on. Thus  represents at least n distinct elements of k×/k×d , and we get n |k×/k×d |. 
Remark 4. Although Theorem 1 was already proved by Demyanov [De2] in 1956, it seems
that this paper, written in Russian and apparently never translated, is mostly unknown to
the public. It was proved again for diagonal forms of degree d over nonreal fields as well
as for odd degree d over formally real fields by Leep [Le-Y1, 2.3]. Theorem 1 for diagonal
forms of degree d over finite fields Fq can be found in J1, Théorème 1, p. 25] or Small [Sm2,
3.13]). The proofs presented in those papers are all basically identical to the one employed
here or in [De2] (1956). For d =2, the result (see [S, p. 105]) was proved by Kneser, see the
MathSciNet Review MR0059260 (15,500a) from 1954, and then appeared in the appendix
of a paper by Elman and Lam in 1973 [E-La].
4. Higher u-invariants of valued fields
4.1. Discretely valued fields
Let (k, v) be a discretely valued field with valuation ring R, maximal ideal m, value group
 and residue field k = R/m. Let  ∈ R be a uniformizing parameter (1.4). R is a principal
ideal domain.
Remark 5. A similar result as Theorem 1 was given for a complete discrete valuation ring
of characteristic 0 with finite residue field, with the obvious definition for udiag(d, R), in
[G, p. 135ff.]. For a complete discrete valuation ring R of characteristic 0 with finite residue
field, Theorem 1, using udiag(d, R) = udiag(d, k), gives the bound
udiag(d, R) |k×/k×d |,
which is the same one as obtained in [G, p. 136] for odd d and improves the one in [G, p.
137] for even d, since d|R×/R×d | = |k×/k×d |. In particular, we have sd (R) |k×/k×d |.
As an application of Theorem 1 we obtain:
Proposition 3. Let k be a finite field extension ofQp of degree n, with valuation ring R and
with residue field Fq , where q = p f . Then
udiag(d, R)d gcd(d, q − 1)|Zp/dZp|e,
where e is the ramification index of k over Qp. In particular,
udiag(d,Zp)d gcd(d, p − 1)|Zp/dZp|.
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Proof. We have R×F×q × (1 + R), and 1 + RZp ⊕ · · · ⊕ Zp with e copies of Zp.
Hence
|R×/R×d | = |F×q /F×dq ||Zp/dZp ⊕ · · · ⊕ Zp/dZp|,
with e copies ofZp/dZp. It is well known that |F×q /F×dq |=gcd(d, q −1). Theorem 1 yields
the assertion, using that udiag(d, R) = udiag(d, k) and d|R×/R×d | = |k×/k×d |. 
Let  be a form of degree d and dimension n.  is called normic of order i, if  is
anisotropic and n = di [G, p. 16]. Concerning lower bounds for u(d, R), the following
result is due to Lang and implies that
u(d, R)di+1
if there is a normic form  over the residue field k of order i0:
Theorem 2 (cf. Greenberg [G, 4.10]). If there is a form over k of degree d which is normic
of order i0, then there is a form  of degree d over R which is normic of order i + 1.
Proof. Let  be a prime element in R. Let ′ be a form of degree d over R obtained from 
by replacing each coefficient of  by a representative in R. Let v1, . . . , vd be independent
vectors of n variables each, and consider the form
(v1, . . . , vd ) = ′(v1) + ′(v2) + 2′(v3) + · · · + d−1′(vd ).
 has degree d and dimension di+1.  has no primitive zero modd : suppose
(v1, . . . , vd ) ≡ 0 modd (2)
with vi ∈ Rn for all i. Reading this congruence mod gives
′(v1) ≡ 0 mod.
Since  is normic of order i, v1 is not primitive; i.e., v1 = w1 for some w1 ∈ Rn . But then
′(v1) = d′(w1),
and we can divide (2) by  which yields
′(v2) + ′(v3) + · · · + d−2′(vd ) ≡ 0 modd−1.
Repeating the above argument we see that v2 is not primitive, and continuing this way,
we are able to show that none of the vectors vi is primitive. 
4.2. A theorem for higher u-invariants of Henselian valued fields
Let (k, v) be a valued field with valuation ring R. Assume that char kd .
For u ∈ R, denote by u¯ the image of u in k. For a polynomial f ∈ R[X ], f = an xn +
· · ·+a1x +a0, define the polynomial f¯ = a¯n xn +· · ·+ a¯1x + a¯0 over k¯. If =〈a1, . . . , an〉
is a nondegenerate diagonal form with entries ai ∈ R×, define the diagonal form  =
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〈a¯1, . . . , a¯n〉 over k.  is called a unit form, if  is nondegenerate. Choose a set {| ∈ I }
such that the values of the ’s represent the distinct cosets in /d. We may decompose a
diagonal form  as = ⊥ ′ by taking ′ to be the diagonal form whose entries comprise
all ai with (ai )=()mod d. By altering the slots by d-powers, if necessary, we may then
write ′= with each  a diagonal unit form. There are only finitely many non-trivial
 [Mo].
If =Z, the set {| ∈ I } can be chosen to be {i |i = 0, . . . , d − 1} and |/d| = d is
finite.
Hensel’s Lemma. [Ribenboim [R, p. 13]] Let f ∈ R[X ], u ∈ R and f¯ = (x − u¯)h, where
h ∈ k¯[X ] with deg(h)  0, h(u¯)  0. Then there exists an element u′ ∈ R such that u′ = u¯
and f (u′) = 0.
(k, v) is called a Henselian valued field and R a Henselian valuation ring if Hensel’s
Lemma is satisfied by the ring R. For a survey of different formulations of Hensel’s Lemma,
the reader is referred to [R]. Every complete discretely valued field is Henselian.
We obtain, by applying Hensel’s Lemma, a special case of [Mo, Theorem 2.5]:
Theorem 3 (Morandi [Mo, Proposition 3.1]). Let (k, v) be a Henselian valued field. Let 
be a diagonal form. Write = 11 ⊥ · · · ⊥ rr with each i a diagonal unit form and
the i having distinct values in /d. Then  is isotropic if and only if some i is isotropic.
Among other things, its proof uses the following observation (a special case of [Mo, 2.3])
on non-trivial zeroes of nondegenerate diagonal forms:
Lemma 4. Let (k, v) be a Henselian valued field. For a diagonal unit form ,  is isotropic
if and only if  is isotropic.
Proof. One direction is obvious: If (a1, . . . , an) is an isotropic vector of , we scale it to
assume each ai ∈ R and some a j ∈ R×. Then (a1, . . . , an) is an isotropic vector of .
Conversely, we observe that since i is a diagonal form and char k¯ does not divide d, it
is easy to check that any non-trivial zero 	= (	1, . . . , 	n) of i (x1, . . . , xn) is nonsingular,
i.e.  f/xi (	)  0 for some i.
Choose ui ∈ R with u¯i = 	i for each i and consider the polynomial
h(t) = (u1, . . . , ui−1, t, ui+1, . . . , un).
Then h¯(	i ) = 0 and (dh¯/dt)(	i ) = (/xi )(	)  0. Hensel’s Lemma implies that there is
an element w ∈ R such that h(w) = 0. Thus (u1, . . . , ui−1, w, ui+1, . . . , un) is an isotropic
vector for  and is non-zero since it is a lift of 	. 
Theorem 4. Let (k, v) be a Henselian valued field with valuation ring R, value group 
and residue field k. Assume charkd .
(i) If both |/d| and udiag(d, k) are finite, then
udiag(d, k) = |/d|udiag(d, k).
(ii) udiag(d, k) is infinite if either |/d| is infinite or udiag(d, k) is infinite.
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Proof. Choose a set {| ∈ I } such that the values of the ’s represent the distinct cosets
in /d.
(i) Let udiag(d, k) and |/d| both be finite. Choose an anisotropic diagonal form  over
k. Lift  to a form ˜ over k. The form

= ⊥∈I˜
is anisotropic over k by Theorem 3, hence udiag(d, k) |/d|udiag (k). Let  be an
anisotropic diagonal form of degree d over k. Decompose  as = ⊥  with each  a
diagonal unit form. Let m be the number of those finitely many . Since  is anisotropic,
all nonzero  must be anisotropic over k by Theorem 3. Therefore we conclude that
u(d, k) dim for all nonzero . Since each  is also a diagonal form, we have more-
over that udiag(d, k) dim for all nonzero. Hence if udiag(d, k)=dim, we conclude
that udiag(d, k) =
∑
dimmudiag(d, k), where m is the number of the  which are
nonzero. Indeed, we have m |/d|. Thus udiag(d, k) |/d|udiag(k).
(ii) If /d is an infinite group, we can take arbitrarily many  to obtain an anisotropic
form of arbitrarily large dimension by the construction above, which shows that udiag(d, k)
is infinite. A similar argument using a unit form, which is the lift of an anisotropic form
over k shows that udiag(d, k) is infinite when udiag(d, k) is infinite. 
For d = 2, Theorem 4 corresponds to Springer’s theorem for quadratic forms over
Henselian valued fields [Sp2]. For a similar result for quadratic forms, see also [Du].
Remark 6. According to MathSciNet review MR0037836 (12,315d) of [De1], Demyanov
proved that
u(3, k)3u(3, k)
for any field k, which is complete under a discrete valuation with residue class field k of
characteristic not 3. This result was also proved by Springer [Sp1], this time including the
case that char k is 3. It could be seen as an indication for the existence of a more general
version of Theorem 4 for cubic forms (or even of forms of degree higher than 3), which
are not necessarily diagonal. The methods Springer uses in his proof do not generalize to
degree greater than 3, however [Sp1, Section 4].
Corollary 2. (i) Let (k, v) be a discretely valued field with valuation ring R and residue
field k. Assume charkd . Then
udiag(d, k)dudiag(d, k).
(ii) Let k be any field of charkd . Let l/k be a field extension of finite type over k of
transcendence degree n. Then
udiag(d, l)dnudiag(d, k′)
for a suitable finite field extension k′/k.
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Proof. (i) Let udiag(d, k) be finite. Choose an anisotropic form  over k. Lift  to a form ˜
over k. Then 
= ⊥∈I˜ is anisotropic over k, since it is anisotropic over the completion
of k by Theorem 3. If udiag(d, k) is infinite, the same argument as in Theorem 4(ii) yields
the assertion.
(ii) Take n = 1. Write l as finite extension of k(x). The discrete valuation of k(x) given
by the ideal (x) of k[x] extends to a discrete valuation of l with residue class field k′, which
is a finite extension of k. By (i), udiag(d, l)dudiag(d, k′). The assertion now follows by
induction on n. 
Remark 7. (i) Let k be a Ci -field and let K = k((x)) be the field of formal Laurent series
in x over k. Then K is a Ci+1-field [Pf1, Chapter 5, 2.2].
As in [Pf1, p. 111] for d =2, we can deduce from Theorem 4 – without Tsen–Lang theory
– that the iterated power series field K = k((x1)) . . . ((xn)) over a field k where char kd ,
1n∞, has udiag(d, K )=dnudiag(d, k). In particular if k is algebraically closed, we have
udiag(d, K ) = dn .
(ii) Let m p = udiag(d, Fp). Then
udiag(d, Fp((t1)) · · · ((tn))) = dnm p
by (i) for all p with pd and
u(d, Fp((t1)) · · · ((tn)))dn+1
by Tsen–Lang theory for all p [G, (4.8)]. Since udiag(d, Fp)d by Chevalley,
udiag(d, Fp((t1)) · · · ((tn))) = dnm pdn+1
for all p with pd .
5. On u-invariants of finite fields, p-adic fields and p-adic rational
function fields
5.1. Finite fields
Let k = Fq with q = ps , p prime. Chevalley’s well-known theorem that every finite field
is a C1-field [S, p. 97] implies that
u(d, Fq )d .
Orzech [O] proved the slightly stronger bound
udiag(d, Fq )d − 1 if − 1 ∈ F×dq and d4.
Let d∗ = gcd(d, q − 1). Then |F×q /F×dq | = |F×q /F×d
∗
q | = d∗, so that
udiag(d, Fq ) = udiag(d∗, Fq )d∗
by Theorem 1. In particular, sd (Fq ) = udiag(d, Fq ) = 1, if d is relatively prime to q − 1.
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For q > (d∗ − 1)2, every element of Fq is a sum of two dth powers [Sm2, p. 148]. The
proofs given in [Sm2] show that in this case the form n×〈1〉=〈1, . . . , 1〉 becomes universal
for some n. Indeed, if q > (d∗ − 1)4 then udiag(d, Fq ) = 2 [Sm1].
Any element in a finite field Fq , which is a sum of dth powers must be a sum of d, dth
powers (Tornheim’s Theorem [Sm2, 3.16]). As soon as q is “large enough” with respect to
the exponent d, every element in Fq is a sum of two dth powers [Sm2, 6.12]. For instance,
every element in Fq is a sum of two 4th powers provided q > 41.
5.2. p-Adic fields
Due to Artin’s conjecture that u(d,Qp)d2, p-adic fields attracted a lot of attention.
The conjecture was verified for d = 2 by Hasse, for d = 3 independently by Lewis [L] and
Demyanov [De1], and for d = 5, 7 and 11, under the assumption that q is large enough,
by Birch–Lewis [Bi-L], Laxton–Lewis [La-L] (see also Knapp [Kn]) and Leep–Yeomans
[Le-Y2]. Lower bounds for the size of q in these cases were given in [Kn] and [Le-Y2].
Although the conjecture turned out to be wrong, see [T] or later Lewis and Montgomery
[L-Mon] for counterexamples, it is believed to be true for primes.
Example 2 (communicated by D. Leep). Since the field Fp has an algebraic extension of
degree d, there exists a homogeneous form (x1, . . . , xd ) ∈ Z[x1, . . . , xd ] of degree d in d
variables, which is anisotropic modulo p. The form =〈1, p, . . . , pd−1〉⊗ is of degree d
in d2 variables with coefficients inZ. Since is anisotropic modulo p,must be anisotropic
over Qp. This implies that  is anisotropic over Q. Thus
u(d,Qp)d2 and u(d,Q)d2.
This also follows directly from Theorem 2.
The most up-to-date general results on upper bounds seem to be the ones of Wooley [W]
from 1998, who, for instance, proves the estimate
u(d,Qp)d2
d
.
In 2007, Heath-Brown [H-B2] proved the much stronger bounds
u(4,Q2)9142,
u(4,Qp)128 for p = 3 and p = 7,
u(4,Q5)312,
u(4,Qp)120 for p11
for quartic forms, and that
u(5,Qp)25 if p17.
Remark 8. Using the Ax–Kochen–Ersov transfer theorem from the model theory of valued
fields [Ax-K], Ax and Kochen proved that given a degree d, for almost all primes p, a form
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of degree d overQp of dimension greater than or equal to d2 +1 will be isotropic [G, (7.4)].
(So Artin’s conjecture would be almost true in that sense.)
Let k be a finite field extension of Qp with residue class field k = Fq . We assume that
charFq = pd to be able to apply Theorem 4, which yields
udiag(d, k) = dudiag(d, Fq ).
If d is relatively prime to both p and q − 1 (hence odd), then by 5.1,
d = udiag(d, k).
Let d∗ = gcd(d, q − 1). Then udiag(d, Fq ) = udiag(d∗, Fq ), see 5.1, and Theorem 1 yields
dudiag(d, k) = dudiag(d, Fq )dd∗
(since the dth power level of k is finite [G, (7.18)]).
In particular, the estimate
udiag(d, k) = dudiag(d, Fq )d2
is recovered, which has been known for some time, see [Al].
If d4 and −1 ∈ F×dq then udiag(d, Fq )d − 1 by 5.1, hence
udiag(d, k) = dudiag(d, Fq )d(d − 1) = d2 − d .
Moreover, sp−1(Fp) = p − 1 for any p  2, which implies udiag(p − 1, Fp) = p − 1, since
p − 1udiag(p − 1, Fp) gcd(p − 1, p − 1) = p − 1. Thus
udiag(p − 1,Qp) = (p − 1)2.
So the upper bound udiag(d,Qp)d2 given by Joly [J2, p. 97] for any p  2 is best possible.
Furthermore,
(p − 1)2u(p − 1,Qp).
For p = 2 and d = 2r , Joly [J2, p. 97] proved that
udiag(d,Qp)2d2.
Example 3. Let k be a finite field extension of Qp. We can use Demyanov’s upper bound
from Theorem 1 again to obtain upper bounds for udiag(d, k), which supersede the ones
found by Alemu [Al]: Since the dth power level of k is finite [G, (7.18)], by Theorem 1 we
have
udiag(d, k) d|d|p w,
where w is the number of dth roots of unity contained in k and |d|p = 1/pord p(d) with
ordp(d) being the highest power of p dividing d [Ko, p. 73]. If d is not divisible by p and k
contains no dth roots of unity other than 1 itself, then even
udiag(d, k)d .
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This greatly improves the bound in [Al], which depends on the degree n = [k : Qp]:
udiag(d, k)<max(3nd2 − nd + 1, 2d3 − d2)
if p> 2 divides d, and
udiag(d, k)< 4nd2 − nd + 1
if p = 2.
5.3. p-Adic rational function fields
It is a long-standing question whether the finiteness of the classical u-invariant u(k) of
quadratic forms of a field k of characteristic not 2 implies the finiteness of u(k(t)).
For k, a non-dyadic p-adic field, this was proved by Hoffmann-van Geel [Ho-vG] and
independently by Merkurjev [M3]. After lowering the bound for the u-invariant of a func-
tion field K of transcendence degree one over a non-dyadic p-adic field from u(2, K )22
[Ho-vG] to u(2, K )10 [Pa-S1], Parimala and Suresh [Pa-S2] proved that
u(2, K ) = 8
in 2007.
Using a completely different approach, i.e. the Ax–Kochen–Ersov transfer theorem
from the model theory of valued fields [Ax-K], Zahidi [Z] had shown in 2005 that any
quadratic form over Q(t1, . . . , tn) of dimension greater than 2n+2 is isotropic over the field
Qp(t1, . . . , tn) for almost all primes p. This result resembles the one by Ax–Kochen, see
Remark 8. The proof of [Z] easily extends to our setting of higher degree forms and yields:
Theorem 5. Let  be a form of degree d2 over Q(t1, . . . , tn) of dimension greater
than dn+2. Then  is isotropic over the rational function field Qp(t1, . . . , tn) for almost all
primes p.
This result seems not to have appeared in the literature so far.
By Corollary 1,
udiag(d,Qp(t1, . . . , tn))dnudiag(d,Qp)
and
u(d,Qp(t1, . . . , tn))dnu(d,Qp).
Put m p =udiag(d, Fp). If pd , then udiag(d,Qp)=dm p by Theorem 4. One may conjecture
that for all primes p with pd ,
udiag(d,Qp(t1, . . . , tn)) = dn+1m p.
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